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a b s t r a c t

Mathematical models have been extensively used in veterinary science to analyse data collected from
experiments measuring the flow of digesta through the gastrointestinal tract (GIT) of ruminants. In this
paper a classic two compartment digesta flow model is reformulated into a two compartment CSTR
(continuous stir tank reactor) model. A segregated reactor model is then obtained by incorporating ‘non-
mixing’ stagnant regions into the ideal CSTR model. The ability to incorporate non-ideal mixing into the
model allows a more accurate representation of the conditions within the GIT.

In analyzing this model our main focus is on the cumulative excretion curve, as this is used to estimate
the mean residence time through the GIT. The mean residence time is an important indicator of animal
nutrition, directly affecting the feeding strategy of an animal. The effects of stagnant regions in a ‘two
stomach’ GIT model are investigated by comparing the cumulative excretion curve with that obtained
from an equivalent ideal ‘two stomach’ GIT model. This comparison characterises a trend that non-ideal
egregated reactor model
tagnant

mixing delays the excretion of waste from the GIT.
The effect upon the cumulative excretion curve of small changes in parameter values is then inves-

tigated. Small changes in the size of the first stomach, and the division of the initial digesta ingested
between the ‘well-mixed’ and stagnant regions of the first stomach, are found to substantially effects the
cumulative excretion of digesta from the GIT of a ruminant animal. This investigation is a good example of
the applications of chemical engineering to a problem outside the traditional definition of the discipline.
. Introduction

In this paper the principles of chemical engineering are applied
o a problem in veterinary science. The problem is concerned with

easuring the flow of digesta through the gastrointestinal tract
GIT), using a food tracer, to estimate the mean residence time
MRT) of food substances. The MRT impacts both the rate and pro-
ortion of nutrient absorption in an animal [1]. Furthermore the
xtent to which dietary components are fermented in the rumen is
function of both the residence time and the rate of fermentation
f digesta in the rumen [2]. Traditionally digesta flow kinetics have

een analysed using the two compartment model that is discussed

n Section 1.1.
The use of mathematical models to analyze and fit data collected

rom the flow of nutrients through the gastrointestinal tract is well
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established [3]. Most of the articles relating to the digestive system
of animals focus on modelling the flow of digesta through the gas-
trointestinal tract and its affect on animal nutrition and physiology
[1,2,4–6]. Classic models assume that the digesta contained within
the gastrointestinal tract is either a homogeneous mixture [4,5] or
a mixture of large and small particle compartments following the
digestive process of the rumen [7–9]. There have been complaints
about the use of ideal mixing reactor models to simulate the flow of
digesta through the GIT [2,10,11]. In [11, page 109] the assumptions
of idealized reactor conditions, i.e. constant volume and instanta-
neous mixing of digesta within the reactor system, are identified as
a weakness of deterministic models.

In veterinary science, methods have been developed that
attempt to deal with the problem of non-ideal reactor conditions.
The classic digesta flow models have been adapted to incorporate
both the physical properties of digesta and the physicochemical
properties of the GIT [7–9,12,13]. These approaches include a mul-

ticompartmental model in which each successive compartment
contains particles of a smaller size. In general, food substances
that have been largely digested form a solution of smaller parti-
cles that possess buoyant properties, and tend to flow more readily
through the gastrointestinal tract than sedimentary particles, i.e.

dx.doi.org/10.1016/j.cej.2010.10.017
http://www.sciencedirect.com/science/journal/13858947
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Nomenclature

M0 the initial mass of non-digestable food in the GIT
Vi volume of ‘stomach’
ci concentration of digesta
ci(0) concentration of digesta a time t = 0
cia concentration of digesta in the well-mixed region
cib concentration of digesta in the stagnant region
ki rate constant for digesta flow
mi(t) mass of digesta at time t
mideal the mass of digesta deposited on the ground by an

‘ideal’ animal
m∗

ideal the dimensionless mass of digesta deposited on the
ground by an ‘ideal’ animal

mnon-ideal the mass of digesta deposited on the ground by a
‘non-ideal’ animal

m∗
non-ideal the dimensionless mass of digesta deposited on the

ground by a ‘non-ideal’ animal
q flowrate of food substance through the stomachs

and digestive tracts
qia the flow rate between the well-mixed compartment

and the stagnant region
t time
ε the relative proportion of stomach volume divided

between the well-mixed compartment and the stag-
nant region. 0 < εi < 1
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�d time delay within the tubular compartment
�i mean residence time

ndigested food. Such models attempt to simulate the physical pro-
ess by which complex food substances are broken down in stages
ithin the various compartments of the GIT, into smaller molecules

or absorption in the intestines. An overview of these approaches
re provided by [14].

In this paper ideas from chemical reactor engineering are used
o introduce stagnant regions into the classic compartment model.
he effect of these stagnant regions upon the cumulative excretion
f waste from the GIT is then investigated by comparing results
rom the incomplete mixing model against those produced by an
quivalent well-mixed, i.e. ‘classic’, CSTR model. The aim of this
omparison is to determine what affect the introduction of non-
deal mixing regions has on the cumulative excretion of waste from
he GIT. Before incomplete mixing can be incorporated into the
lassic model it must be reformulated into the form of a CSTR model,
his is discussed in Section 1.2. The extension of the reformulated

odel with incomplete mixing is given in Section 2.
The term gastrointestinal tract, or GIT, refers to the alimentary

anal in animals that runs from the mouth through to the anus. It
s involved with the absorption and the digestion of food into fuel

olecules. In ruminant animals the gastrointestinal tract consists
f a four-chambered stomach and an additional caecum to break
own cellulose into fuel molecules [15]. It is important to note that
he term “compartment or stomach”, used throughout this article,

ay represent any specific organ in the GIT with a relatively large
ean residence time. The incorporation of non-ideal mixing into

he model allows a more accurate representation of the reactor
onditions within the GIT.

.1. Classic model
In veterinary science, classic models represent the GIT of animals
s a series of compartments. The application of multicompartmen-
al reactor models to model the movement of digesta through the
astrointestinal tract of ruminant animals was proposed by Blaxter
neering Journal 166 (2011) 315–323

et al. (1956) [4]. Blaxter et al. suggested that the ruminant gut (a
ruminant is a mammal which digests its food in two steps) consists
of two well-mixed compartments and a tubular compartment. The
tubular compartment acts to delay the deposition of digesta by the
animal. The model proposed by Blaxter et al. (1956) [4] is given by

dm1(t)
dt

= −k1m1(t),
dm2(t)

dt
= k1m1(t) − k2m2(t),

dm3(t)
dt

= k2m2(t − �d),

mi(0) = mi,0.

(1)

The rate of change in mass within a compartment is equal to the
flow of mass into the compartment from the previous compart-
ment minus the flow of mass out of the compartment. The third
equation represents the rate of deposition of digesta from the GIT
of the animal. It is assumed that no absorption of digesta takes
place in any compartment and that the contents of each compart-
ment are well-mixed. The rate constants, k1 and k2, are inversely
proportional to the mean retention time in the first and second
compartment respectively. Although the assigning of rate constants
to specific ruminant organs has been debated [5], it is generally
accepted that the first compartment represents the rumen stom-
ach and the second compartment denotes the caecum stomach of
ruminant animals [4,5,16]. As noted in Section 1, the use of a two
compartment model does not necessarily mean that the animal has
two stomachs.

In a typical experiment an ingestible external marker is added
to a food source and the mass of the marker excreted in the fae-
ces is measured over time. The cumulative excretion of the trace
marker can be used to estimate the mean residence time of digesta
through the GIT of animals. The rate of passage of food through the
gastrointestinal tract significantly impacts the level of nutrition and
feeding strategy of an animal [1]. The ability to analyse data using
mathematical models has allowed for a greater understanding of
the digestive process, enabling insights into the nutrition and feed-
ing strategies of animals. Studies have shown that the retention
time of digesta within the gastrointestinal tract has a substantial
effect on digestion and uptake of nutrients in herbivores [17–19].
Thereby greater retention of food in the digestive tract results in a
more complete extraction of energy and nutrients [20], but longer
retention times (slower rates of digesta passage) also inhibit food
intake [21] as the digestive tract has limited capacity.

1.2. Reformulation of the model

In this section the classic model devised by Blaxter et al. [4],
system (1), is rewritten as an equivalent CSTR model so as to allow
incomplete mixing to be modelled in Section 2. This reformulation,
devised by Nelson et al. [22], describes the concentration of digesta
rather than the mass of digesta in each compartment. The model
equation becomes,

V1
dc1

dt
= −qc1,

V2
dc2

dt
= qc1 − qc2,

c1(0) = 1, c2(0) = 0.

(2)

The initial concentration of digesta in the first stomach has been
scaled to one whereas the initial concentration of digesta in the
second stomach is zero, i.e. at time t = 0 there is no marker deposited

in the second stomach. The reason for investigating model (2) rather
than model (1), is that it is straightforward to include non-ideal
mixing into system (2). For the purpose of this study the tubular
compartment equation is dropped from system (1). In general the
time delay effect just acts to shift the solution.
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Fig. 1. The two stomach

The problem of non-ideal mixing is well known in chemical
ngineering where combinations or modifications of ideal reactors
an be used to represent reactors that are not perfectly mixed [23].
egregated reactor models have been used to analyse incompletely
ixed continuous-flow fermenters [24]. In such a model the reac-

or is divided into two regions: a well-mixed region, and a stagnant
egion (Fig. 6.20, pg 199 [24]).

In this article the classic veterinary science model is extended by
ntroducing stagnant compartments into the ideal multicompart-

ental model. The stagnant compartments act as flow ‘dead zones’;
ontents held within these compartments do not readily flow out
f the reactor system. The introduction of stagnant regions pro-
uces a model that more accurately simulates the movement of
igesta through the gastrointestinal system of ruminant animals
25]. To determine the effect of non-ideal mixing upon the cumula-
ive excretion of waste from a ruminant animal the results from the
two-stomach’ incomplete mixing model are compared with those
rom an equivalent well-mixed ‘two-stomach’ model. The effect
f changes in parameter values upon the cumulative excretion of
aste from the GIT is also investigated.

. The model with stagnant regions

The classic model for the passage of digesta through the gas-
rointestinal tract assumes that there are two stomachs of constant
olume with perfect mixing in each compartment. Incomplete mix-
ng along the gastrointestinal tract is simulated by a system of
eactors with non-ideal mixing through the incorporation of inter-
al compartments into system (2). A schematic of the model is
hown in Fig. 1.

The model digestive tract is comprised of a system of cylindri-
al compartments joined in a particular arrangement. In Fig. 1, the
tagnant region forms a cylindrical shell of non-flowing digesta
round the central well-mixed compartment. At the boundary of
hese compartments, digesta is exchanged between the well-mixed
ompartment and stagnant region.

The model equations are,
First ‘Stomach’

1 − ε1)V1
dc1a

dt
= −qc1a + q1a(c1b − c1a), (3)

1V1
dc1b

dt
= q1a(c1a − c1b), (4)

Second ‘Stomach’

1 − ε2)V2
dc2a

dt
= qc1a − qc2a + q2a(c2b − c2a), (5)

2V2
dc2b

dt
= q2a(c2a − c2b), (6)

Initial Conditions
c1a(0) = ıM0

(1 − ε1)V1
, c1b(0) = (1 − ı)M0

ε1V1
,

c2a(0) = 0, c2b(0) = 0,

The case ε1 = ε2 = 0 corresponds to a cascade of ideal reactors.
l with stagnant regions.

It is assumed that initially all the contents of the GIT are con-
tained within the compartments of the first stomach. The terms ıM0
and (1 − ı)M0 denote the mass of the non-digestable food initially
in the well-mixed and stagnant compartments respectively.

3. Solution to model equations

The two stomach model forms a set of four linear differential
equations that can be solved through the rearrangement of the
time-dependant variables.

3.1. The first reactor solution

An equation for c1b(t) in terms of the time dependant variable
c1a(t) is obtained by rearranging Eq. (3)

c1b(t) = (1 − ε1)V1

q1a

dc1a

dt
+ q + q1a

q1a
c1a. (7)

A homogeneous linear second order ODE, with constant coef-
ficients, is obtained by substituting relationship (7) into Eq. (4)
c1a(t),

d2c1a

dt2
+

(
q + q1a

(1 − ε1)V1
+ q1a

ε1V1

)
dc1a

dt
+ qq1a

ε1(1 − ε1)V2
1

c1a = 0. (8)

The solution in the well-mixed compartment of the first stom-
ach, c1a, is given by

c1a(t) = Aeu1t + Beu2t , (9)

where A and B are the constants of integration and the parameters
u1 and u2 are given by

u1 = −a1

2
+

√
a2

1 − b1

2
, (10)

u2 = −a1

2
−

√
a2

1 − b1

2
. (11)

The parameters a1 and b1 are

a1 = q + q1a

(1 − ε1)V1
+ q1a

ε1V1
,

b1 = 4qq1a

ε1(1 − ε1)V2
1

.

The discriminant,
√

a2
1 − b1, is always greater than zero. Thus

u1 and u2, are real and negative.
The solution to the concentration of digesta in the stagnant

region of the first stomach, c1b(t) is given by
c1b(t) = Aeu1t((1 − ε1)V1u1 + q + q1a)
q1a

+ Beu2t((1 − ε1)V1u2 + q + q1a)
q1a

. (12)
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Using the initial conditions the constants of integration are
ound to be,

= M0

(1 − ε1)V1(u1 − u2)

(
q1a

ε1V1
+ ıu1

)
, (13)

= M0

(1 − ε1)V1(u1 − u2)

(
q1a

ε1V1
− ıu2

)
. (14)

This completes the solution in both compartments of the first
tomach.

.2. The second reactor solution

The following expression for c2b(t) is obtained by rearranging
q. (5)

2b(t) = (1 − ε2)V2

q2a

dc2a

dt
− qc1a

q2a
+ q + q2a

q2a
c2a. (15)

A non-homogeneous linear second order ODE is obtained by
ubstituting this expression into Eq. (6),

d2c2a

dt
+

(
q + q1a

(1 − ε2)V2
+ q2a

ε2V2

)
dc2a

dt
+ qq2a

ε2(1 − ε2)V2
2

c2a

= q

(1 − ε2)V2

dc1a

dt
+ qq2a

ε2(1 − ε2)V2
2

c1a. (16)

The complementary solution, c2ac(t), is given by

2ac(t) = Xew1t + Yew2t ,

here X and Y are constants of integration and the parameters w1
nd w2 are given by

w1 = −a2

2
+

√
a2

2 − b2

2
,

w2 = −a2

2
−

√
a2

2 − b2

2
.

The parameters a1 and b2, are

a2 = q + q2a

(1 − ε2)V2
+ q2a

ε2V2
,

b2 = 4qq2a

ε2(1 − ε2)V2
2

.

The discriminant,
√

a2
2 − b2, is always greater than zero. Thus

1 and w2, are real and negative.
The particular solution, c2ap(t), is given by

c2ap = Aq

(1 − ε2)V2

(
1

u2
1 + a2u1 + b2/4

)(
u1 + q2a

ε2V2

)
eu1t

+ Bq

(1 − ε2)V2

(
1

u2 + a u + b /4

)(
u2 + q2a

ε2V2

)
eu2t .
2 2 2 2

Thus the solution for the well-mixed compartment of the second
tomach, c2a(t), is

c2a(t) = Xew1 t + Yew2 t + Aq

(1 − ε2)V2

(
1

u2
1 + a2u1 + b2/4

)(
u1 + q2a

ε2V2

)
eu1 t

+ Bq

(1 − ε2)V2

(
1

u2
2 + a2u2 + b2/4

)(
u2 + q2a

ε2V2

)
eu2 t .

(17)

Substituting the solution for c2a(t) (Eq. (17), into Eq. (15), the
oncentration of digesta in the stagnant region of the second stom-
neering Journal 166 (2011) 315–323

ach, c2b, is found to be

c2b(t) = Xew1 t((1 − ε2)V2w1 + q + q2a) + Yew2 t((1 − ε2)V2w2 + q + q2a)

+ Aqeu1 t

q2a

[(
(1 − ε2)V2u1 + q + q2a

u2
1 + a2u1 + b2/4

)(
u1

(1 − ε2)V2
+ q2a

ε2(1 − ε2)V2
2

)
− 1

]

+ Bqeu2 t

q2a

[(
(1 − ε2)V2u2 + q + q2a

u2
2 + a2u2 + b2/4

)(
u2

(1 − ε2)V2
+ q2a

ε2(1 − ε2)V2
2

)
− 1

]
.

(18)

The constants of integration (X and Y) are found using the ini-
tial conditions. As these are complicated, they have been placed in
Appendix A. The solutions c1a(t), c1b(t), c2a(t), and c2b(t) form the
solution to the two stomach model.

There is a special case that is not accounted for in our solution
for the second stomach. This corresponds to the situation in which
the stomach reactors have identical volume (V1 = V2), the size of
the well-mixed and stagnant compartments are equal (ε1 = ε2), and
there is a identical flow rate between the compartments in each
stomach (q1a = q2a). This solution is not of physical interest and is
investigated elsewhere [26].

In analyzing the solution of the non-ideal model, our main focus
is on the cumulative excretion curves produced by the system.
Differences in the excretory curves of an ideal and non-ideal two
stomach model are compared to investigate the characteristics of
the non-ideal mixing model.

The mass of digesta deposited on the ground, the cumulative
excretion curve, is given by

mnon-ideal(t) = M0 − (1 − ε1)V1c1a(t) − ε1V1c1b(t)

− (1 − ε2)V2c2a(t) − ε2V2c2b(t). (19)

The dimensionless mass of digesta deposited on the ground,
m∗

non-ideal, is defined by

m∗
non-ideal = mnon-ideal/M0,

= 1 − (1 − ε1)
V1

M0
c1a(t) − ε1

V1

M0
c1b(t) − (1 − ε2)

V2

M0
c2a(t)

−ε2
V2

M0
c2b(t).

(20)

4. Model simulations

In this section cumulative excretion curves for the non-ideal
model are calculated and compared against equivalent curves for
the ideal model. Prior to making this comparison a set of param-
eter values for ruminant animals must be determined. The main
parameters of interest are related to the mean residence time, �, of
digesta through the gastrointestinal tract, by the relation �i = (Vi/q).
By combining relevant values of �i, and known data on the volume
of the rumen and caecum stomachs of different ruminant animals
values for the flow rate q are determined for an ideal model. The
mean residence time of digesta through the gastrointestinal tract is
usually defined in terms of a rate constant ki. Comparing definitions,
it follows that

�i = 1
ki

. (21)

This equation allows us to determine parameter values for �i,
and hence to determine specific values for the variables, q and Vi.
The rate-constants k1 and k2 are associated with the caecum and
rumen respectively [5].
4.1. An ideal model

Before the dimensionless cumulative deposition curves for a
ruminant with two non-ideal mixing chambers can be compared
against that of an ‘equivalent’ animal having two ideal mixing
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Table 1
Values of variables within the two compartment model.

Ruminant Rumen Caecum Rumen Caecum Source
�1 �2 V1 V2 q �tot Vtot

(h) (h) (L) (L) (L h−1) (h) (L)

Sheepa 32.3 31.3 5.30 5.13 0.164 63.6 10.43 [4,27]
Red deerb 17.0 2.8 13.20 2.17 0.776 19.8 15.37 [6,28]
Cattlec 38.8 5.6 24.00 3.46 0.619 43.8 27.46 [2,29]

c
g
s

c

c

F
c

a Data gathered on a 60 kg sheep.
b Data gathered on an ‘average weighted’ male red deer.
c Data gathered on a 150 kg cow.

hambers the dimensionless mass of digesta deposted on the
round, m∗

ideal, must be calculated for the ideal mixing model. The
olution of system (2) is
1(t) = e−(q/V1)t , (22)

2(t) = V1

V1 − V2
(e−(q/V1)t − e−(q/V2)t), (23)

ig. 2. Comparing two stomach ideal and non-ideal reactor models for the ruminant anim
orresponds to the non-ideal stomach model (εi /= 0), and the solid line, to the ideal stom
for V1 /= V2. The cumulative excretion curve, mideal, is given by

mideal(t) = m(0) − V1c1(t) − V2c2(t),
= V − V c (t) − V c (t).
1 1 1 2 2

Non-dimensionalizing, we obtain

m∗
ideal(t) = (1 − e−(q/V1)t) − V2

V1 − V2
(e−(q/V1)t − e−(q/V2)t). (24)

als displayed in Table 1 for a) ı = 1, b) ı = 0.5, c) ı = 0. In this figure the discrete data
ach models (εi = 0).
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Fig. 3. The effect of varying the size of the well-mixed and stagnant c

In order to compare the dimensionless cumulative deposition
urves of a ideal and non-ideal animal, the initial mass of digesta
ngested must be the same for both models. Hence

m∗
non-ideal(0) = m∗

ideal(0),

1 − ıM0 − (1 − ı)M0 = 0,

⇒ M0 = 1.

.2. Comparing ideal and non-ideal models

In this section the effect that stagnant regions have on the cumu-
ative flow of digesta through the GIT is investigated by comparing
he cumulative excretion curves produced by the ideal and non-
deal models. The effect of the non-specified parameter values (i.e.
and ε1) upon the flow of digesta through the GIT is also considered.

hese simulations include varying the relative initial concentration
f digesta within the given compartments of the first stomach, ı,
nd varying the volumetric proportion of the well-mixed and stag-
ant compartments in the first stomach, ε1. Unless otherwise stated
he following parameter values are used: ε1 = 0.1, ε2 = 0.1, ı = 1,
rtments in the first stomach, ε1, in sheep for a) ı = 1, b) ı = 0.5, c) ı = 0.

M0 = 1, q = 2, q1a = 0.01 and q2a = 0.01. All other parameter values
are supplied in Table 1.

Fig. 2 compares the cumulative excretory curves produced by
the ideal and non-ideal reactor models. It is evident that decreasing
the value of ı, i.e. increasing the initial proportion of digesta in the
stagnant region of the stomach, decreases the rate at which food
substances are excreted from the system. This trend is explained
by the fact that the introduction of stagnant regions into the model
reduces the amount of digesta flowing through and out of the sys-
tem, reducing the cumulative excretion curve. Another important
note is that the difference between the cumulative excretion depo-
sitions of the ideal and non-ideal models is dependant upon the
initial proportion of digesta in the well-mixed compartment, ı, of
the non-ideal stomach model.

Fig. 3 investigates the effects of varying the proportional size of

the well-mixed and stagnant compartments in the first stomach,
ε1, on different initial conditions. The cumulative excretory curves,
shown in Fig. 3, are strongly dependant upon both the values for
delta (ı) and epsilon (ε). The first trend observed is that increas-
ing the relative size of the stagnant region in the first stomach, i.e.
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1, decreases the cumulative excretion of waste from the system
ver long periods of time. This trend is reversed for smaller values
f time. Fig. 3a demonstrates that for smaller values of time, and
arger values of delta, a ruminant whose first ‘stomach’ contains
relatively large stagnant region will excrete a greater amount of
igesta than those with a smaller stagnant region. This observation
an be explained by the definition: concentration = mass/volume.
onsider the case when epsilon and delta are large, i.e. ε = 0.75 and
= 1. By taking epsilon to be large the volume of the well-mixed
ompartment is made smaller in proportion to the volume of the
tagnant region. Thereby the initial mass of digesta is contained
n a well-mixed compartment with smaller volume. This increases
he concentration of digesta in the well-mixed compartment. The
ncrease in concentration results in an increase in the probability
hat digesta will flow out of the stomach. Therefore, for a short
eriod of time, when epsilon and delta are large, digesta flows
ore readily through the stomach system. As time increases the

oncentration of digesta in the well-mixed compartment decreases
s more digesta passes into the stagnant regions. As the stagnant
egion is relatively large in volume, when epsilon is large, digesta
hat flows into this compartment will remain in low concentration
nd hence there is a smaller probability that digesta will flow out
f the stagnant region, and eventually out of the stomach system.

After a certain time this trend will be reversed, as systems that
ontain smaller stagnant regions will contain a larger concentra-
ion of digesta, allowing for a greater flow out of digesta from the
tagnant region. Thus after this time more digesta will reside in the
ell-mixed compartment, increasing the probability that digesta
ill flow out of the stomach. The cross over trend in the Fig. 3 is

ndependent of the value of the flow rate parameters q and q1a. As
he initial proportion of digesta in the stagnant region increases,
.e. as ı tends towards 0, ruminant animals with larger well-mixed
ompartments pass food through the GIT at a faster rate than those
ith larger secondary compartments. This trend is a direct result of

ll the digesta being located in the stagnant region. Hence the reac-
or systems with a smaller stagnant region, i.e. as ε tends towards 0,
ill contain a greater concentration of digesta. Consequently there

s a greater probability that digesta will flow out of the stagnant
egion into the well-mixed compartment, and hence out of the
ystem.

A second observable trend is that decreasing the proportion of
igesta initially in the well-mixed compartment, i.e. decreasing ı,

ncreases the difference observed between excretory curves for the
ifferent values of epsilon (ε). Thus the initial location of digesta
ignificantly affects the rate at which digesta is excreted from the
ystem. Hence large changes in the proportion of digesta in the
espective compartments (ı) results in large changes in the cumu-
ative excretion curve. Simulations in which the proportional size of
he stagnant region in the second stomach, ε2, was varied showed
dentical trends to those obtained by varying ε1.

Fig. 4 shows how varying the initial proportion of digesta within
he well-mixed and stagnant compartments (ı) of the first stomach,
ffects the cumulative excretion of waste from the two stomach
odel. When ı = 1 all the initial mass of digesta lies within the well-
ixed compartment. Decreasing ı increases the initial proportion

f digesta contained within the stagnant region of the first stomach.
ig. 4 shows that the greater the initial proportion of digesta in the
ell-mixed compartment of the first stomach, the faster waste is

xcreted from the system.

. Discussion
In this paper the classic model for the flow of digesta through
he GIT of animals has been extended by incorporating non-ideal

ixing. Additional extensions are possible to incorporate more
nformation about digesta flow kinetics. These include incorporat-
Fig. 4. Varying the initial proportion of digesta in the respective compartments, ı,
for sheep in a non-ideal two stomach model.

ing variable volume (the change in volume caused by the flow of
gastric secretions into the stomach compartments) and increasing
the number of stomach reactors.

The physical breakdown of food substances flowing through a
non-ideal GIT system can be included in the present model through
the addition of a first order differential equation representing diges-
tive processes. Furthermore, the model may be adapted, by varying
the default value for the flow rate parameter, q, to model systemic
stomach diseases, such as dumping syndrome. Dumping syndrome
describes the process when digesta is released from the stomach
before being properly digested, i.e. the flow rate of digesta through
the stomach is faster than normal [30].

In veterinary science alternate methods have been developed
to deal with the problem of non-ideal reactor conditions. These
models attempt to simulate the physical process by which com-
plex food substances are broken down in stages within the various
compartments of the GIT, into smaller molecules for absorption in
the intestines. A more accurate estimations of the mean residence
time of food particles in the GIT can be obtained by combining a
non-ideal mixing model with knowledge of the physicochemical
properties of the GIT.

A limitation of compartmental models for ruminants and equids
[4,5,2,31] is that they do not describe the residence time of the
digesta in the different regions of the gut. This imposes a limit
in our understanding of the link between the speed and extent
of digestibility/fermentability and nutrient absorption. Thus an
attempt to match stagnant areas with physical areas within the
gut would lead to improved insight into these issues.

6. Conclusion

In this paper a standard model from veterinary science used
to study the flow of digesta through the gastrointestinal tract of
animals has been reformulated from a chemical engineering per-

spective. This reformulation enables the incorporation of non-ideal
mixing into the model, creating a more accurate representation of
the conditions within the GIT. The reformulated model includes the
classic Blaxter model as a limiting case. Thus parameter fitting of the
model would identify the role played by stagnant regions in digesta
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ow. However, a drawback of our model is that the physiological
ocation of the stagnant areas is not specified.

The dimensionless cumulative excretion of waste was simulated
nder varying biological conditions. The comparative differences

n the excretory curves produced by equivalent ideal and non-
deal two stomach models were investigated. ‘Stomachs’ containing
tagnant regions were found to excrete digesta at a slower rate
han ideal ‘stomachs’. The difference between the cumulative
xcretion depositions of the ideal and non-ideal models was

ependant upon the initial proportion of digesta in the well-mixed
ompartment, ı.

Changes in the values of ε and ı, were shown to substantially
ffect the cumulative excretion curve from the GIT of a ruminant
nimal. Increasing the relative size of the stagnant region in the
rst stomach, i.e. increasing ε1, decreased the cumulative excretion
f waste over long periods of time. Similarly, increasing the pro-
ortion of contents in the stagnant non-mixing region within the
ystem, i.e. reducing ı, decreased the excretion rate. Conversely,
ncreasing the proportion of digesta initially in the well-mixed
ompartment of the first stomach, increasing ı, increased the excre-
ion rate. For smaller values of time, and larger values of ı, a
uminant whose first ‘stomach’ contains a relatively large stag-
ant region excretes a greater amount of digesta than those with a
maller stagnant region.

This problem is a good example of the applications of chemical
ngineering to an application outside the traditional definition of
he discipline.

X = Aq
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(
(u1(1 − ε2)V2 + q + q2a)

(u1
2 + a2u1 + b2/4)
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Appendix A. Constants of integration, X and Y, for the two
stomach non-ideal model

The constants of integration, X and Y, derived from the solu-
tion to the second stomach reactor in the two stomach model with
constant volume in a non-ideal reactor, are given below,

V2
+ q2a

ε2(1 − ε2)V2
2

)
− 1

)

2)V2
+ q2a

ε2(1 − ε2)V2
2

)
− 1

)

2a

2V2

)

2a

2V2

)
,

(25)

and

1)−1

− 1

)

))
((1 − ε2)V2w1 + q + q2a)

2
2

)
− 1

)

2
2
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− 1
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